In this paper the concept of C-mapping and some fixed point theorems for such mappings are introduced and presented.
1. Introduction. Let (A, a") be a complete metric space and T a mapping from X into A. T is called a Rhoades mapping if for any x, y g A, x ¥= y, (1.1) d(Tx,Ty) < max{d(x,y), d{x,Tx), d(y,Ty), d(x,Ty), d(y,Tx)}.
Concerning the existence of a fixed point for such mappings T, Rhoades [4] pointed out that the condition A,. T is continuous and {F"x0}^=0 has a cluster point for some x0 g X, is needed in order to ensure that every such T possesses a fixed point.
The following open questions were raised by Rhoades [4] (also see [5] ).
(1) If T is a Rhoades mapping satisfying condition A,, does T possess a fixed point?
(2) If the answer to (1) is no, then what additional hypotheses on F or A' are needed to guarantee the existence of a fixed point?
Recently, some answers to these questions were obtained. In [6] it was shown that the answer to (1) is no. Using a different example, (1) was also answered in the negative in [7] . For (2) a partial answer is that the condition A2. F is continuous and A is compact, is sufficient. (See [8, Theorem 1] .) The purpose of this paper is to introduce the concept of a C-mapping and to establish necessary and sufficient conditions for such mappings to possess a fixed point. Using these results Rhoades' open questions are answered.
2. Definition and preliminaries. Throughout this paper we always assume that (X,d) is a complete metric space, T a self-map of A. T is called a C-mapping if for any x g A and any positive integer n > 2 satisfying (2.1)
T'x*Tjx, 0<f<y<»-l, we have (2.2) d{T"x,T'x) < max {d(Px,x)}, i -1,2,...,» -1.
i</<n Remark 1. C-mappings are a class of important mappings containing a number of well-known mappings as special cases. For example, the mappings numbered (1)-(25) by Rhoades [4] are all special cases of C-mappings. In particular, the mappings listed below are special cases of a C-mapping.
( As is well known, mappings (1), (2) , and (3) are all special cases of mapping (4) . Therefore, in order to prove this statement it suffices to prove that the Rhoades mapping F is a special case of a C-mapping.
Let x g X and n ^ 2 be such that (2.1) is satisfied. If F is a Rhoades mapping, it can be shown by induction that (2.2) is true. In fact, for z? = 2, from (1. If this condition is satisfied, then T"x is a fixed point of T.
Proof. Necessity. Let x* g A be a fixed point of F; i.e., x* = Tx*. Then (3.1) is true with m = 1 and n = 0.
Sufficiency. Suppose there exists a point x G A and two integers m, n, m > n > 0, such that T"'x = T"x. Without loss of generality, we can assume that m is the minimal such integer satisfying Tkx = T"x, k > n. Putting y = T"x and p = mn, we have Tpy = y, and p is the minimal integer satisfying Tky = y, k > 1.
To show that y is a fixed point of F, assume that it is not. which is a contradiction. Therefore y = T"x is a fixed point of F.
Lemma. Le/ T be a continuous C-mapping on X. Let x be a point in X for which {T"x}™=0 has a cluster point x0. Then T"x0, n = 0, 1, 2,... are also cluster points of {T«x}^0.
Proof. Since x0 is a cluster point of {T"x}^=0, there exists a subsequence {T"'x} c {T"x} which converges to x0. Since F is continuous, lim T"' + kx = Tkx0, k = 0,1,2,.... Theorem 2. Let T be a continuous C-mapping on X. Let x be a point in X for which {F"x}"_0 has a cluster point x0. Then T has a fixed point in {T"x0}^=Q if and only if one of the following conditions is satisfied:
(i) { T"x }™=0 is convergent. (ii) There exists a positive integer m such that T"'y = y, where y is some point in Proof. Necessity. If {T"x0} = {x0}, then it is obvious that {T"x} is convergent, and (i) is satisfied. If {T"x0) is not the singleton x0, let y g {T"x0} be a fixed point of F. Since y is a cluster point of {T"x}, there exists a subsequence [T"'x] converging to y. Thus lim T"-+ kx = Tky = y, k = 0,1,2,..., Sufficiency. If (i) is satisfied, then {T"x0} is the singleton x0 and x0 is a fixed point of F. If (ii) is satisfied, then F has a fixed point by Theorem 1.
The following results are immediate consequences of Theorems 1 and 2. 
